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Abstract

This paper presents a structural mechanics approach to modeling the deformation of carbon nanotubes. Funda-

mental to the proposed concept is the notion that a carbon nanotube is a geometrical frame-like structure and the

primary bonds between two nearest-neighboring atoms act like load-bearing beam members, whereas an individual

atom acts as the joint of the related load-bearing beam members. By establishing a linkage between structural me-

chanics and molecular mechanics, the sectional property parameters of these beam members are obtained. The accuracy

and stability of the present method is verified by its application to graphite. Computations of the elastic deformation of

single-walled carbon nanotubes reveal that the Young�s moduli of carbon nanotubes vary with the tube diameter and

are affected by their helicity. With increasing tube diameter, the Young�s moduli of both armchair and zigzag carbon

nanotubes increase monotonically and approach the Young�s modulus of graphite. These findings are in good agree-

ment with the existing theoretical and experimental results.

� 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The advancement of science and technology has evolved into the era of nanotechnology. The most

distinct characteristic of nanotechnology is that the properties of nanomaterials are size-dependent. Due to

the extremely small size of nanomaterials, the evaluation of their mechanical properties, such as elastic

modulus, tensile/compressive strength and buckling resistance, presents significant challenges to researchers

in nanomechanics. While the experimental works has brought about striking progress in the research of
nanomaterials, many researchers have also resorted to the computational nanomechanics. Because com-

puter simulations based on reasonable physical models cannot only highlight the molecular features of

nanomaterials for theoreticians but also provide guidance and interpretations for experimentalists. It is still
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an ongoing and challenging process to identify effective and efficient computational methods with respect to

specific nanomaterials.

Among the many nanostructured materials, carbon nanotubes have attracted considerable attention.

This kind of long and slender fullerene was first discovered by Iijima (1991). They can be produced by an
array of techniques, such as arc discharge, laser ablation and chemical vapor deposition. A recent review of

the processing and properties of carbon nanotubes and their composites is given by Thostenson et al.

(2001). From the viewpoint of atomic arrangement, carbon nanotubes can be visualized as cylinders that

rolled from sheets of graphite. They assume either single-walled or multi-walled structures and their helicity

may also be different (Iijima and Ichlhashi, 1993; Bethune et al., 1993). Since the discovery of carbon

nanotubes, much attention has been given to the investigation of their exceptional physical properties

(Thostenson et al., 2001; Harris, 1999). It has been revealed that the conducting properties of carbon

nanotubes depend dramatically on their helicity and diameter (Terrones et al., 1999), and the stiffness,
flexibility and strength of carbon nanotubes are much higher than those of conventional carbon fibers

(Treacy et al., 1996; Salvetat et al., 1999; Iijima et al., 1996). The extraordinary properties of carbon nano-

tubes have motivated researchers worldwide to study the fundamentals of this novel material as well as to

explore their applications in different fields (Ajayan and Zhou, 2001).

Besides the great deal of experimental works on carbon nanotubes, many researchers have pursued the

analysis of carbon nanotubes by theoretical modeling (Harris, 1999; Saito et al., 1998). These modeling

approaches can be generally classified into two categories. One is the atomistic modeling and the major

techniques include classical molecular dynamics (MD) (Iijima et al., 1996; Yakobson et al., 1997), tight-
binding molecular dynamics (TBMD) (Hernandez et al., 1998) and density functional theory (DFT)

(Sanchez-Portal et al., 1999). In principle, any problem associated with molecular or atomic motions can be

simulated by these modeling techniques. However, due to their huge computational tasks, practical ap-

plications of these atomistic modeling techniques are limited to systems containing a small number of

molecules or atoms and are usually confined to studies of relatively short-lived phenomena, from pico-

seconds to nanoseconds.

The other approach is the continuum mechanics modeling. Some researchers have resorted to classical

continuum mechanics for modeling carbon nanotubes. For examples, Tersoff (1992) conducted simple
calculations of the energies of fullerenes based on the deformation of a planar graphite sheet, treated as an

elastic continuum, and concluded that the elastic properties of the graphite sheet can be used to predict the

elastic strain energy of fullerenes and nanotubes. Yakobson et al. (1996) noticed the unique features of

fullerenes and developed a continuum shell model. Ru (2000a,b) followed this continuum shell model to

investigate buckling of carbon nanotubes subjected to axial compression. This kind of continuum shell

models can be used to analyze the static or dynamic mechanical properties of nanotubes. However, these

models neglect the detailed characteristics of nanotube chirality, and are unable to account for forces acting

on the individual atoms.
Therefore, there is a demand of developing a modeling technique that analyzes the mechanical res-

ponse of nanotubes at the atomistic scale but is not perplexed in time scales. Such a modeling approach

would benefit us in novel nanodevices design and multi-scale simulations of nanosystems (Nakano et al.,

2001). In this paper, we extend the theory of classical structural mechanics into the modeling of carbon

nanotubes. Our idea stems from that carbon nanotubes are elongated fullerenes, which were named after

the architect known for designing geodesic domes, R. Buckmister Fuller. In fact, it is obvious that there are

some similarities between the molecular model of a nanotube and the structure of a frame building. In a

carbon nanotube, carbon atoms are bonded together by covalent bonds. These bonds have their charac-
teristic bond lengths and bond angles in a three-dimensional space. Thus, it is logical to simulate the de-

formation of a nanotube based on the method of classical structural mechanics. In following sections, we

first establish the bases of this concept and then demonstrate the approach by a few computational ex-

amples.
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2. Brief review of structural mechanics for space frames

Structural mechanics analysis enables the determination of the displacements, strains and stresses of a

structure under given loading conditions. Of the various modern structural analysis techniques, the stiffness

matrix method has been by far the most generally used. The method can be readily applied to analyze

structures of any geometry and can be used to solve linear elastic static problems as well as problems in-

volving buckling, plasticity and dynamics. In the following, we briefly review the stiffness matrix method for

linearly elastic space frame problems, which is relevant to the present studies.

For an element in a space frame as shown in Fig. 1, the elemental equilibrium equation can be written as

following (Weaver and Gere, 1990):

Ku ¼ f; ð1Þ
where

u ¼ ½uxi; uyi; uzi; hxi; hyi; hzi; uxj; uyj; uzj; hxj; hyj; hzj�T; ð2Þ

f ¼ ½fxi; fyi; fzi;mxi;myi;mzi; fxj; fyj; fzj;mxj;myj;mzj�T ð3Þ
are the nodal displacement vector and nodal force vector of the element, respectively and K is the elemental

stiffness matrix. The matrix K consists of following submatrices:

K ¼ Kii Kij

KT
ij Kjj

� �
; ð4Þ

where

Kii ¼

EA=L 0 0 0 0 0

0 12EIx=L3 0 0 0 6EIx=L2

0 0 12EIy=L3 0 �6EIy=L2 0

0 0 0 GJ=L 0 0

0 0 �6EIy=L2 0 4EIy=L 0
0 6EIx=L2 0 0 0 4EIx=L

2
6666664

3
7777775
; ð5Þ

Kij ¼

�EA=L 0 0 0 0 0

0 �12EIx=L3 0 0 0 6EIx=L2

0 0 �12EIy=L3 0 �6EIy=L2 0

0 0 0 �GJ=L 0 0

0 0 6EIy=L2 0 2EIy=L 0

0 �6EIx=L2 0 0 0 2EIx=L

2
6666664

3
7777775
; ð6Þ

Fig. 1. Illustration of a beam element in a space frame.
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Kjj ¼

EA=L 0 0 0 0 0

0 12EIx=L3 0 0 0 �6EIx=L2

0 0 12EIy=L3 0 6EIy=L2 0

0 0 0 GJ=L 0 0

0 0 6EIy=L2 0 4EIy=L 0

0 �6EIx=L2 0 0 0 4EIx=L

2
6666664

3
7777775
: ð7Þ

It is observed from the above elemental stiffness matrices that when the length, L, of the element is known,

there are still four stiffness parameters need to be determined. They are the tensile resistance EA, the flexural
rigidity EIx and EIy and the torsional stiffness GJ . In order to obtain the deformation of a space frame, the

above elemental stiffness equations should be established for every element in the space frame and then all

these equations should be transformed from the local coordinates to a common global reference system.

Finally, a system of simultaneous linear equations can be assembled according to the requirements of nodal
equilibrium. By solving the system of equations and taking into account the boundary restraint conditions,

the nodal displacements can be obtained.

3. Structural characteristics of carbon nanotubes

A single-walled carbon nanotube (SWNT) can be viewed as a graphene sheet that has been rolled into a

tube. A multi-walled carbon nanotube (MWNT) is composed of concentric graphitic cylinders with closed

caps at both ends and the graphitic layer spacing is about 0.34 nm. Unlike diamond, which assumes a 3-D

crystal structure with each carbon atom having four nearest neighbors arranged in a tetrahedron, graphite

assumes the form of a 2-D sheet of carbon atoms arranged in a hexagonal array. In this case, each carbon

atom has three nearest neighbors.

The atomic structure of nanotubes can be described in terms of the tube chirality, or helicity, which is
defined by the chiral vector ~CCh and the chiral angle h. In Fig. 2, we can visualize cutting the graphite sheet

along the dotted lines and rolling the tube so that the tip of the chiral vector touches its tail. The chiral

vector, also known as the roll-up vector, can be described by the following equation:

~CCh ¼ n~aa1 þ m~aa2; ð8Þ
where the integers ðn;mÞ are the number of steps along the zigzag carbon bonds of the hexagonal lattice and
~aa1 and~aa2 are unit vectors. The chiral angle determines the amount of �twist� in the tube. The chiral angles

are 0� and 30� for the two limiting cases which are referred to as zigzag and armchair, respectively (Fig. 3).

Fig. 2. Schematic diagram of a hexagonal graphene sheet (Thostenson et al., 2001).

2490 C. Li, T.-W. Chou / International Journal of Solids and Structures 40 (2003) 2487–2499



In terms of the roll-up vector, the zigzag nanotube is denoted by ðn; 0Þ and the armchair nanotube ðn; nÞ.
The roll-up vector of the nanotube also defines the nanotube diameter.

The physical properties of carbon nanotubes are sensitive to their diameter, length and chirality.

In particular, tube chirality is known to have a strong influence on the electronic properties of carbon

nanotubes. Graphite is considered to be a semi-metal, but it has been shown that nanotubes can be either
metallic or semi-conducting, depending on tube chirality (Dresselhaus et al., 1996). The influence of chi-

rality on the mechanical properties of carbon nanotubes has also been reported (Popov et al., 2000;

Hernandez et al., 1998).

4. Structural mechanics approach to carbon nanotubes

From the structural characteristics of carbon nanotubes, it is logical to anticipate that there are potential

relations between the deformations of carbon nanotubes and frame-like structures. For macroscopic space

frame structures made of practical engineering materials, the material properties and element sectional
parameters can be easily obtained from material data handbooks and calculations based on the element

sectional dimensions. For nanoscopic carbon nanotubes, there is no information about the elastic and

sectional properties of the carbon–carbon bonds and the material properties. Therefore, It is imperative to

establish a linkage between the microscopic computational chemistry and the macroscopic structural me-

chanics.

4.1. Potential functions of molecular mechanics

From the viewpoint of molecular mechanics, a carbon nanotube can be regarded as a large molecule

consisting of carbon atoms. The atomic nuclei can be regarded as material points. Their motions are

regulated by a force field, which is generated by electron–nucleus interactions and nucleus–nucleus inter-

actions (Machida, 1999). Usually, the force field is expressed in the form of steric potential energy. It
depends solely on the relative positions of the nuclei constituting the molecule. The general expression of

Fig. 3. Schematic diagram of (a) an armchair and (b) a zigzag nanotube (Thostenson et al., 2001).
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the total steric potential energy, omitting the electrostatic interaction, is a sum of energies due to valence or

bonded interactions and nonbonded interactions (Rappe et al., 1992):

U ¼
X

Ur þ
X

Uh þ
X

U/ þ
X

Ux þ
X

Uvdw; ð9Þ

where Ur is for a bond stretch interaction, Uh for a bond angle bending, U/ for a dihedral angle torsion, Ux

for an improper (out-of-plane) torsion, Uvdw for a nonbonded van der Waals interaction, as shown in Fig. 4.

There has been a wealth of literature in molecular mechanics devoted to finding the reasonable functional

forms of these potential energy terms (Rappe et al., 1992; Brenner, 1990; Mayo et al., 1990; Cornell et al.,

1995). Therefore, various functional forms may be used for these energy terms, depending on the particular

material and loading conditions considered. In general, for covalent systems, the main contributions to the

total steric energy come from the first four terms, which have included four-body potentials. Under the
assumption of small deformation, the harmonic approximation is adequate for describing the energy

(Gelin, 1994). For sake of simplicity and convenience, we adopt the simplest harmonic forms and merge the

dihedral angle torsion and the improper torsion into a single equivalent term, i.e.,

Ur ¼ 1
2
krðr � r0Þ2 ¼ 1

2
krðDrÞ2; ð10Þ

Uh ¼ 1
2
khðh � h0Þ2 ¼ 1

2
khðDhÞ2; ð11Þ

Us ¼ U/ þ Ux ¼ 1
2
ksðD/Þ2; ð12Þ

where kr, kh and ks are the bond stretching force constant, bond angle bending force constant and torsional

resistance respectively, and the symbols Dr, Dh and D/ represent the bond stretching increment, the bond

angle change and the angle change of bond twisting, respectively.

4.2. Linkage between sectional stiffness parameters and constants of force fields

In a carbon nanotube, the carbon atoms are bonded to each other by covalent bonds and form hexagons

on the wall of the tube. These covalent bonds have their characteristic bond lengths and bond angles in a

Fig. 4. Interatomic interactions in molecular mechanics.
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three-dimensional space. When a nanotube is subjected to external forces, the displacements of individual

atoms are constrained by these bonds. The total deformation of the nanotube is the result of these bond

interactions. By considering the covalent bonds as connecting elements between carbon atoms, a nanotube

could be simulated as a space frame-like structure. The carbon atoms act as joints of the connecting ele-

ments.
In the following, we establish the relations between the sectional stiffness parameters in structural me-

chanics and the force constants in molecular mechanics. For convenience, we assume that the sections of

carbon–carbon bonds are identical and uniformly round. Thus it can be assumed that Ix ¼ Iy ¼ I and only

three stiffness parameters, EA, EI and GJ , need to be determined.

Because the deformation of a space frame results in the changes of strain energies, we determine the three

stiffness parameters based on the energy equivalence. Notice that each of the energy terms in molecular

mechanics (Eqs. (10)–(12)) represents an individual interaction and no cross-interactions are included, we

also need to consider the strain energies of structural elements under individual forces. According to the
theory of classical structural mechanics, the strain energy of a uniform beam of length L subjected to pure

axial force N (Fig. 5a) is

UA ¼ 1

2

Z L

0

N 2

EA
dL ¼ 1

2

N 2L
EA

¼ 1

2

EA
L

ðDLÞ2; ð13Þ

where DL is the axial stretching deformation. The strain energy of a uniform beam under pure bending
moment M (Fig. 5b) is

UM ¼ 1

2

Z L

0

M2

EI
dL ¼ 2EI

L
a2 ¼ 1

2

EI
L
ð2aÞ2; ð14Þ

where a denotes the rotational angle at the ends of the beam. The strain energy of a uniform beam under
pure torsion T (Fig. 5c) is

UT ¼ 1

2

Z L

0

T 2

GJ
dL ¼ 1

2

T 2L
GJ

¼ 1

2

GJ
L

ðDbÞ2; ð15Þ

where Db is the relative rotation between the ends of the beam.

It can be seen that in Eqs. (10)–(15) both Ur and UA represent the stretching energy, both Uh and UM

represent the bending energy, and both Us and UT represent the torsional energy. It is reasonable to assume

that the rotation angle 2a is equivalent to the total change Dh of the bond angle, DL is equivalent to Dr, and
Db is equivalent to D/. Thus by comparing Eqs. (10)–(12) and Eqs. (13)–(15), a direct relationship between

the structural mechanics parameters EA, EI and GJ and the molecular mechanics parameters kr, kh and ks is

deduced as following:

EA
L

¼ kr;
EI
L

¼ kh;
GJ
L

¼ ks: ð16Þ

Eq. (16) establishes the foundation of applying the theory of structural mechanics to the modeling of
carbon nanotubes or other similar fullerene structures. As long as the force constants kr, kh and ks are

known, the sectional stiffness parameters EA, EI and GJ can be readily obtained. And then by following the

Fig. 5. Pure tension, bending and torsion of an element.
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solution procedure of stiffness matrix method for frame structures, the deformation and related elastic

behavior of graphene sheets and nanotubes at the atomistic scale can be simulated.

5. Results and discussions

To verify the reliability and efficiency of the structural mechanics approach to the modeling of carbon
nanotubes and to demonstrate its capability, we choose graphite sheets and single-walled carbon nanotubes

as examples and calculate some of their basic elastic properties, such as Young�s modulus and shear

modulus. In these computations, the initial carbon–carbon bond length is taken as 1.421 �AA (Dresselhaus

et al., 1995). The computational results are compared with the limited existing theoretical and experimental

results.

5.1. Young’s modulus of a graphene sheet

As stated earlier, a carbon nanotube can be viewed as a sheet of graphite that has been rolled into a tube.

Thus, we first calculate the Young�s modulus of a graphene sheet (Fig. 6a) to verify the feasibility of the

present method. It is also expected that these calculations can provide useful information concerning the

selection of force field constants.

The Young�s modulus of a material is the ratio of the normal stress to the normal strain in a uniaxial

tension test

Y ¼ r
e
¼ F =A0

DH=H0

; ð17Þ

where F stands for the total force acting on the atoms at one end of the sheet, A0 ¼ Wt is the cross-sectional
area of the sheet with width W and thickness t, H0 is the initial length and DH its elongation. The thickness t
is taken as the interlayer spacing of graphite, 0.34 nm (Dresselhaus et al., 1995).

Table 1 lists the computed Young�s modulus of a graphene sheet for different model sizes and different

force field parameters, which are selected from AMBER (Cornell et al., 1995). It can be seen that our results

from both pairs of force field constants are fairly close to the commonly accepted value (1.025 TPa) (Kelly,
1981) of the Young�s modulus of graphite. Furthormore, our results are very close to the recent prediction

(1.029 TPa) based on ab initio computation (Kudin et al., 2001). It is also observed in Table 1 that the

computational results are weakly affected by model size.

5.2. Young’s modulus of a single-walled carbon nanotube

The successful prediction of the Young�s moduli of graphene sheets established our confidence in ap-

plying this method to analyzing the Young�s modulus of carbon nanotubes. Two main types of carbon

nanotubes, i.e., armchair and zigzag, are considered. The force constant values are chosen based upon the
experience with graphite sheets: kr=2 ¼ 469 kcalmol�1 �AA�2, kh=2 ¼ 63 kcalmol�1 rad�2. The force cons-

tant ks is adopted as ks=2 ¼ 20 kcalmol�1 rad�2 based on references (Cornell et al., 1995; Jorgensen and

Severance, 1990). There is no test data for optimizing the choice of ks. But our calculation showed that

the influence of ks on carbon nanotube Young�s modulus is very weak. The tensile force is applied on one

end of a carbon nanotube and the other end is fixed (Fig. 6b). Eq. (17) is still used for calculating the

Young�s modulus, except that the sectional area is now A0 ¼ pdt with d standing for the tube diameter.

Fig. 7 displays the variations of the Young�s modulus with nanotube diameter. It can be seen that the

trend is similar for both armchair and zigzag SWNTs, and the effect of nanotube chirality is not significant.
For tube diameters larger than 0.7 nm, the Young�s moduli of zigzag nanotubes become slightly larger than
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those of armchair nanotubes, and the trend is reversed for tube diameters less than 0.7 nm. This correlation
between nanotube chirality and Young�s modulus can be understood from interatomic bond orientation. In

zigzag nanotubes, one-third of the bonds are aligned with the loading direction, while every bond is at an

angle with the loading axis in armchair nanotubes. Thus the difference in nanotube elastic behavior is a

direct consequence of the intrinsic atomic structure. When the tube diameter is very smaller, the distortion

of C–C bonds of zigzag nanotubes may be more significant than that of armchair nanotubes. Therefore, the

Young�s modulus of the former is slightly less than that of the latter.

From Fig. 7, the effect of tube diameter on the Young�s modulus is also clearly observed. For smaller

tube, for example, diameter less than 1.0 nm, the Young�s modulus exhibits a strong dependence on the
tube diameter. The maximum relative difference reaches 6–12%. However, for tube diameters larger than

1.0 nm, this dependence becomes very weak. The maximum relative difference is less than 3%. The general

tendency is that the Young�s modulus increases with increasing tube diameter. The lower Young�s modulus

at smaller nanotube diameter is attributed to the higher curvature, which results in a more significant

distortion of C–C bonds. As the nanotube diameter increases, the effect of curvature diminishes gradually,

and the Young�s modulus approaches to that of graphite as predicted by the present method as well as that

reported in the literature (Kelly, 1981).

Our computational results are comparable to those obtained from experiments. Wong et al. (1997)
obtained the Young�s moduli of carbon MWNTs of 1.28� 0.59 TPa by using atomic force microscopy

based experiments. Salvetat et al. (1999) reported the Young�s modulus values of carbon MWNTs to be

Table 1

The variation of Young�s modulus of a graphene sheet with force field constants kr (kcalmol�1 �AA�2) and kh (kcalmol�1 rad�2), and

model size

Model size (nm) 1
2
kr, 1

2
kh

Width Height 469, 63 447, 70

Young�s modulus (TPa)

0.738 2.842 0.995 1.002

0.985 3.126 1.002 1.008

1.969 4.831 1.021 1.022

1.969 9.847 1.024 1.023

4.184 20.178 1.033 1.030

Fig. 6. Computational models of a graphene sheet and single-walled carbon nanotubes.
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0.81� 0.41 TPa by the same experimental technique. Krishnan et al. (1998) measured single-walled carbon

nanotubes (SWNTs) and obtained an average Young�s modulus of 1.25 TPa. Our predictions are in rea-

sonable agreement with these experimental results.

Furthermore, our computational results are also comparable to the theoretical results provided by other
modeling techniques. Lu (1997) and Popov et al. (2000) obtained the Young�s moduli of SWNTs of about 1

TPa by using the empirical lattice dynamics model. By a nonorthogonal tight-binding molecular dynamics

simulation, Hernandez et al. (1998) revealed the dependency of the Young�s modulus on nanotube diameter

and chirality and gave an average value of 1.24 TPa. Finally, for a range of SWNTs, ab initio calculation

with a pseudo-potential density functional theory (DFT) showed that average value of the second deri-

vative of strain energy with respect to the axial strain is 56 eV, which is nearly identical to that of graphite

(56.3 eV) (Sanchez-Portal et al., 1999). Compared with ab initio studies (Sanchez-Portal et al., 1999; Van

Lier et al., 2000; Kudin et al., 2001), the empirical lattice dynamics analysis (Lu, 1997; Popov et al., 2000)
and the tight-binding molecular dynamics simulations (Hernandez et al., 1998), the present results are also

in reasonable agreement with those reviewed above.

5.3. Shear modulus of a single-walled carbon nanotube

Due to the difficulty in experimental techniques, there is still no report on the measured values of shear

modulus of carbon nanotubes. Theoretical predictions on the shear modulus of carbon nanotubes are also

very few. Lu (1997) predicted the shear modulus for carbon SWNTs by using empirical lattice dynamics

model, and concluded that the shear modulus (	0.5 TPa) is comparable to that of diamond and is in-

sensitive to tube diameter and tube chirality. Popov et al. (2000) also used the lattice-dynamics model and
derived an analytical expression for the shear modulus. Their results indicated that the shear moduli of

carbon SWNTs are about equal to that of graphite for large radii but are less than that of graphite at small

radii, and the tube chirality has some effect on the shear modulus for small tube radii.

In the present work, a carbon SWNT is assumed to be subjected to a torsional moment at one end and is

constrained at the other end (Fig. 6c). The following formula, which is based on the theory of elasticity at

the macroscopic scale, is used for obtaining the shear modulus:

S ¼ TL0

hJ0
; ð18Þ

where T stands for the torque acting at the end of an SWNT, L0 is the length of the tube, h is the torsional

angle and J0 for the cross-sectional polar inertia of the SWNT. In the calculation of the polar inertia J0, the
SWNT is treated as a hollow tube with a wall thickness of 0.34 nm.

Fig. 7. Young�s moduli of carbon nanotubes versus tube diameter.
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Fig. 8 illustrates the computational results for armchair and zigzag SWNTs. It is observed that the shear

modulus behaves similarly to the Young�s modulus in that it increases with increasing tube diameter for
small tube diameters. At larger diameters (e.g., >2 nm), the shear modulus becomes insensitive to tube

diameter. For the range of tube diameter considered, the effect of tube chirality on the shear modulus is not

significant. For tube diameters larger than 2.0 nm, the shear moduli of armchair and zigzag SWNTs are

almost the same. By comparing our findings with existing results (Lu, 1997; Popov et al., 2000), it can be

concluded that the present method can achieve the same accuracy as other existing methods.

5.4. Discussions

We have introduced the structural mechanics approach to modeling carbon nanotubes. Our purpose of

proposing such an approximate method is to explore nanoscale problems with existing theories of solid

mechanics and methods of computational mechanics. Building on the fundamental concept developed here,

we expect to also address the strength and buckling of single-walled carbon nanotubes. We also plan to

further develop the concept of this approach into the modeling of multi-walled carbon nanotubes. How-

ever, the versatility of the present approach relies very much on the development of modern computational
chemistry. The feasibility of applying the present approach to modeling other nanotubes, such as boron

nitride, or other covalent materials, such as silicon and diamond, would depend on the availability and

accuracy of force field parameters of these materials.

Compared with other refined atomistic simulation methods, such as classical molecular dynamics or

tight-binding molecular dynamics, the present approach possesses two advantages. First, it can be used for

simulating both static and dynamic loadings. Second, since it does not consider thermal vibration of the

atoms and treats only ‘‘long time’’ phenomena, the economy in computation is achieved through such

simplifications.
In the establishment of relationship between structural mechanics parameters and force field constants,

some approximations are made. We recognize the uncertainty in rigorously defining the angles of bond

bending and torsion when a chemical bond is treated as a beam because the theory of structural mechanics

and the theory of molecular mechanics have very different bases. However, by approximating the equi-

valence in energy terms stem from similar deformations in structural mechanics and molecular mechanics,

we circumvented the need in determining the bond angle changes due to bending and torsion. For the

equivalence of bending energy terms, we split the change of bond angle in molecular mechanics into the

beam rotations at two beam-ends in structural mechanics. The combination of energy terms due to out-of-
plane torsion and dihedral angle torsion is done simply from the viewpoint that both involve torsional

Fig. 8. Shear moduli of carbon nanotubes versus tube diameter.
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deformation. But the main contribution is from dihedral torsion, and also for the purpose of obtaining the

torsional rigidity of the beam element, we assume that Us has the functional form of dihedral torsion.

Through the approximation of equaling Us and UT , the effect of out-of-plane torsion is reflected in the

parameter of ks. Our computational experience indicates that the out-of-plane torsion is insignificant and
the error introduced due to this approximation is negligible.

Another issue that should be addressed is the wall thickness of single-walled carbon nanotube. We have

noticed there were different assumptions of the thickness, such as 0.34 nm (Lu, 1997), 0.066 nm (Yakobson

et al., 1997) and 0.0894 nm (Kudin et al., 2001). A detailed discussion of this issue has been given by

Yakobson and Avouris (2001). Considering the relationship between graphite and multi-walled carbon

nanotubes and for the purpose of comparing their elastic properties, we assumed the thickness of a single-

walled carbon nanotube to be the same as the interlayer spacing of graphite (0.34 nm).

6. Conclusions

A structural mechanics approach has been developed for modeling carbon nanotubes. A simple linkage

between structural mechanics and molecular mechanics is established. In this approach, the computational

strategy is essentially classical structural mechanics, but the theoretical concept stems from modern com-

putational chemistry and the modeling is kept at the atomistic scale. Our computational results for elastic

properties of carbon nanotubes are comparable to those obtained from other modeling techniques. The

major advantages of our method are the simplicity of the concept and the improved computational effi-

ciency for analyzing the deformation of carbon nanotubes. It is expected that the present methodology will
be further developed to model other covalent-bonded materials and facilitate analysis of the deformation of

nanotube-based composites.
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